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Abstract
This paper presents a study of a two-degree-of-freedom (2DOF) piezoelectric energy harvester (PEH) under concurrent
aeroelastic and base excitation. The governing equations of the theoretical model under the combined excitation are
developed and solved analytically using the harmonic balance method. Based on the electro-mechanical analogies, an
equivalent circuit model is established. The energy harvesting performance of the 2DOF PEH under different wind
speeds but the same base excitation is investigated. Voltage amplitudes of various response components with different
frequencies are predicted by the analytical method and verified by the circuit simulation. The root-mean-square (RMS)
voltage is used to measure the actual performance of the 2DOF PEH. Around the resonance state, the 2DOF PEH has
been found to produce a larger voltage output than the conventional SDOF PEH. Moreover, several interesting phenom-
ena, such as the quasi-periodic oscillation and the peak-to-valley transition, have been observed in the circuit simulation
and explained by the analytical solution. The developed methodology in this paper can be easily adapted to analyze other
similar types of multiple-degree-of-freedom (MDOF) PEHs under concurrent aeroelastic and base excitation.
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1. Introduction

Harvesting renewable energy from surrounding sources
to realize perpetual environmentally powered wireless
sensor networks has attracted numerous research inter-
ests in the past two decades (Fang et al., 2020; Li et al.,
2021; Liang and Liao, 2012; Liu et al., 2019b; Paulo
and Gaspar, 2010; Priya and Inman, 2009; Roundy
et al., 2003; Wu et al., 2019; Zeadally et al., 2020). The
wind is one of the most ubiquitous energy sources in
nature. It has been extensively exploited for large-scale
power generation over the world since the end of the
last century (Staggs et al., 2017). Though the industrial
wind energy technology has been maturely developed,
harnessing wind energy to power micro-electro-
mechanical systems (MEMS) is a relatively emerging
research direction (Wang et al., 2020a). Unlike the
rotary turbine design of a windmill, a wind energy har-
vester needs to be designed in a compact form to inte-
grate with miniaturized MEMS. The motion of a
vibrating system often requires less space than a rotat-
ing system. Therefore, researchers explored various

flow-induced vibration mechanisms to convert wind
energy into vibrations and then realize electromechani-
cal energy transduction based on the design philosophy
of classic vibration energy harvesters (VEHs).

Common flow-induced vibration phenomena include
galloping (Ali et al., 2013; Barrero-Gil et al., 2010;
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Sirohi and Mahadik, 2012), vortex-induced vibration
(VIV) (Wang et al., 2019a; Zhang et al., 2020), wake
galloping (Liu et al., 2020; Yan et al., 2020), and flutter
(Eugeni et al., 2020). The galloping phenomenon could
result in the self-excited vibration of the system around
its natural frequency. The oscillation amplitude is
expectably large as the system enters the resonance
state. The galloping-induced aerodynamic force can be
deemed a negative damping force from the mathemati-
cal point of view. After the wind speed exceeds the criti-
cal value, which is termed as the cut-in wind speed, the
effective damping of the system becomes negative, and
the system starts to lose stability and carries on self-
excited oscillation. With the increase of wind speed, the
magnitude of the effective negative damping increases,
the power output from the coupled energy transducer
becomes larger. Hence, a galloping-based energy har-
vester can operate over a wide wind speed range. For
these advantages, immense efforts have been devoted to
promoting the development of galloping-based energy
harvesting in the past decade (Barrero-Gil et al., 2010,
2020; Ewere et al., 2014; Sirohi and Mahadik, 2012;
Tan et al., 2019).

A typical galloping-based energy harvesting can be
achieved by attaching a bluff body to a classic cantile-
ver beam based VEH. When immersed in the wind
flow, the bluff body incurs the aerodynamic force and
plays the role of the input excitation. Therefore, the
bluff body undoubtedly has an essential effect on the
energy harvesting performance. Yang et al. (2013) com-
pared various sectioned bluff bodies in an experimental
study and found that using a square-sectioned bluff
body could lead to higher power output. Apart from
the research of modifying bluff bodies to improve the
energy harvesting performance (Liu et al., 2019a; Wang
et al., 2019b), the evolution of galloping-based energy
harvester is very similar to the track of the development
of its predecessor, that is, vibration energy harvester:
from linear (Barrero-Gil et al., 2010; Yang et al., 2013)
to nonlinear design (Bibo et al., 2015b; Wang et al.,
2020b; Zhao and Yang, 2018), and from single-degree-
of-freedom (SDOF) (Barrero-Gil et al., 2010; Sirohi
and Mahadik, 2011, 2012) to multiple-degree-of-free-
dom (MDOF) design (Hu et al., 2021a, 2021b; Lan
et al., 2019; Zhao et al., 2014).

In addition to following the track of vibration
energy harvester development, researchers proposed
integrating them to harvest energy from concurrent
wind and base excitation in the recent few years. Bibo
and Daqaq (2013b) presented a pioneering work to
investigate a flutter energy harvester under combined
wind and base excitations. The method of normal
forms was applied to derive the approximate solution
of the voltage response from the flutter energy

harvester. A later work by them presented the corre-
sponding experimental study of the proposed flutter
energy harvester under the combined excitation (Bibo
and Daqaq, 2013a). Dai et al. (2014) studied a piezo-
electric energy harvester (PEH) subjected to concurrent
vortex-induced vibration (VIV) and base excitation
through simulations and experiments. However, the
analytical solution to the VIV-based PEH under dual-
excitations was not presented. Following the same idea,
Yan et al. (2014) and Bibo et al. (2015a) explored
galloping-based energy harvesters under concurrent
wind and base excitation by simulation and experimen-
tal studies. Zhao and Yang (2018) and Zhao (2020)
then introduced mechanical stoppers and magnetic bis-
table nonlinearity into a galloping-based energy har-
vester under concurrent excitation to achieve
broadband ability based on experiments and simula-
tions. Analytical solutions for the mechanical and elec-
trical responses were derived based on harmonic
balance method for the bistable system under concur-
rent galloping and base excitation [39]. Zhao (2020)
also derived the analytical solution for the stopper inte-
grated piecewise-linear galloping-based PEH under
concurrent wind and base excitation based on the aver-
aging method. The decoupling treatment greatly simpli-
fied the mathematical problem.

According to the literature review, the research in
the field of concurrent wind and base excitation energy
harvesting is at the emerging stage. Existing research of
concurrent energy harvesting is still limited to SDOF
system designs. As is well-known, multiple-degree-of-
freedom systems have multiple resonant peaks (Tang
and Yang, 2012). In this paper, a two-degree-of-free-
dom (2DOF) galloping-based piezoelectric energy har-
vester (GPEH) is considered to cover a wider frequency
spectrum for energy harvesting. The approximate ana-
lytical solution of the system is derived using the har-
monic balance method. An equivalent circuit model
based on the electro-mechanical analogies is established
to verify the analytical solution. Phenomena such as
quasi-periodic oscillations due to concurrent excitation,
peak-to-valley transition in frequency response are suc-
cessfully explained by the analytical solution. This work
aims to provide some theoretical guidelines in analyzing
such kind of energy harvesters under concurrent excita-
tion. The analysis procedures presented in this paper
can be easily applied for other SDOF or multiple-DOF
GPEHs under concurrent aeroelastic and base excita-
tion. It is worth mentioning that Hu et al. (2022) stud-
ied a similar 2DOF GPEH model as presented in this
paper. However, only the wind load is considered in
that work, which indicates a simpler excitation condi-
tion. Compared to the study presented in that paper,
the mathematical treatments adopted in deriving the
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analytical solutions are not the same, and the conse-
quent phenomena are different.

2. Aero-electro-mechanical model

Figure 1(a) shows the schematic of a SDOF PEH under
concurrent aeroelastic and base excitation. Relevant
studies of such kind of SDOF PEH can be found in the
literature (Zhao, 2020; Zhao and Yang, 2018). Figure
1(b) shows the schematic of the proposed 2DOF PEH
under concurrent aeroelastic and base excitation. The
2DOF PEH consists of a primary oscillator and an aux-
iliary oscillator. The primary oscillator is directly con-
nected to the base. A piezoelectric transducer is coupled
with the primary oscillator to realize energy transduc-
tion. The whole structure is placed in a wind flow field.
The auxiliary oscillator is equipped with a bluff body
where the aerodynamic force is applied. The dimension
of the primary oscillator is assumed to be small com-
pared to the bluff body attached to the auxiliary oscilla-
tor; thus, the aerodynamic force acting on the primary
oscillator is reasonably considered to be negligible.

By representing the aerodynamic force as a third-
order polynomial function (Abdelmoula and Abdelkefi,
2017; Javed and Abdelkefi, 2017), the governing equa-
tions of the 2DOF PEH, as shown in Figure 1, can be
written as:

m1€x tð Þ+ c1 _x tð Þ � _y tð Þð Þ+ k1 x tð Þ � y tð Þð Þ

=
1

2
rU 2LDB s1

_x tð Þ
U
� s3

_x tð Þ
U

� �3
 !

ð1Þ

m2€y tð Þ+ c2 _y tð Þ � _z tð Þð Þ+ k2 y tð Þ � z tð Þð Þ+ c1 _y tð Þ � _x tð Þð Þ
+ k1 y tð Þ � x tð Þð Þ+ uv tð Þ= 0

ð2Þ

Cp _v tð Þ+ v tð Þ
R

= u _y tð Þ � _z tð Þð Þ ð3Þ

where mi, ci, and ki, severally, represent the mass, the
damping coefficient, and the stiffness of the oscillator.
The subscript i = 1 and 2 denote the auxiliary and the
primary oscillators, respectively. x(t) and y(t) are the
absolute displacements of the primary and the auxiliary
oscillators, respectively. z(t) is the displacement of the
base. r is the air density and U is the wind speed. s1 and
s3 are the empirical linear and cubic coefficients of the
transverse galloping force. The characteristic area of
the bluff body normal to the wind flow is L 3 DB. u

and Cp are the electro-mechanical coupling coefficient
and the clamped capacitance of the piezoelectric trans-
ducer, respectively. v(t) is the voltage across the load
resistance R.

3. Approximate analytical solution

Without loss of generality, the base excitation is consid-
ered to be in the form as:

z tð Þ= Zb sin vbtð Þ ð4Þ

where vb is the angular frequency of the base excitation.
Since the 2DOF PEH is under the concurrent aeroelas-
tic and base excitation, the displacement response of
the auxiliary oscillator may be the combination of two
components: one is the forced vibration component
with the frequency of the base excitation and the other
is the limited cycle oscillation component with the fun-
damental natural frequency of the 2DOF PEH (Lan
et al., 2019). The solution to the displacement of the
auxiliary oscillator is assumed to be the superposition
of these two components.

x tð Þ= xb tð Þ+ xg tð Þ ð5Þ

Figure 1. Schematic of (a) the SDOF and (b) the 2DOF piezoelectric energy harvester under concurrent aeroelastic and base
excitation.
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where the subscripts b and g denote the base excitation
induced component and the galloping induced compo-
nent, respectively. To be more specific, they can be
expanded as:

xb tð Þ= a1 tð Þ sin vb tð Þ+ b1 tð Þ cos vb tð Þ ð6Þ

xg tð Þ= g1 tð Þ sin vg t
� �

+ h1 tð Þ cos vg t
� �

ð7Þ

where vg is the angular frequency of the limited cycle
oscillation induced by galloping. For the same reason,
the displacement of the primary oscillator is also
assumed in the form as the superposition of two
components:

y tð Þ= yb tð Þ+ yg tð Þ ð8Þ

Each component can be further detailed as:

yb tð Þ= a2 tð Þ sin vbtð Þ+ b2 tð Þ cos vbtð Þ ð9Þ

yg tð Þ= g2 tð Þ sin vgt
� �

+ h2 tð Þ cos vgt
� �

ð10Þ

Similarly, the same assumption is applied to the voltage
response.

v tð Þ= vb tð Þ+ vg tð Þ ð11Þ

vb tð Þ= v1 tð Þ sin vbtð Þ+ v2 tð Þ cos vbtð Þ ð12Þ

vg tð Þ= v3 tð Þ sin vgt
� �

+ v4 tð Þ cos vgt
� �

ð13Þ

The amplitudes of the response components are defined
as:

r11 tð Þð Þ2 = a1 tð Þð Þ2 + b1 tð Þð Þ2 r21 tð Þð Þ2 = a2 tð Þð Þ2
+ b2 tð Þð Þ2

r12 tð Þð Þ2 = g1 tð Þð Þ2 + h1 tð Þð Þ2 r22 tð Þð Þ2 = g2 tð Þð Þ2
+ h2 tð Þð Þ2

Vb tð Þð Þ2 = v1 tð Þð Þ2 + v2 tð Þð Þ2 Vg tð Þ
� �2

= v3 tð Þð Þ2

+ v4 tð Þð Þ2

8>>>>>>><
>>>>>>>:

ð14Þ

Before directly starting to solve the governing equa-
tions, one may have noticed that equation (3) does not
involve any nonlinearities and contains only two
unknown variables, that is, y(t) and v(t). Therefore, it is
motivated to find the linear relationship between y(t)
and v(t) through equation (3) and represent v(t) by y(t)
to eliminate one unknown variable. In this way, the
number of the governing equations can be reduced,
and the problem can be greatly simplified. To this end,
we first substitute equations (8) and (11) into equation
(3), then abandon the higher harmonics and balance
the terms of sin vbtð Þ, cos vbtð Þ, sin vgt

� �
, and cos vgt

� �
.

Consequently, we obtain four equations, as follows:

� Cpv2 tð Þvb +
v1 tð Þ

R
+ ub2 tð Þvb = 0

Cpv1 tð Þvb +
v2 tð Þ

R
� ua2 tð Þvb + uZbvb = 0

� Cpv4 tð Þvg +
v3 tð Þ

R
+ uh2 tð Þvg = 0

Cpv3 tð Þvg +
v4 tð Þ

R
� ug2 tð Þvg = 0

8>>>>>>>>>><
>>>>>>>>>>:

ð15Þ

Based on equation (15), one can solve v1(t) ; v4(t) and
represent them using a2(t) ~ g2(t):

v1 tð Þ= Ke1a2 tð Þ
u

� Ce1b2 tð Þ
u

� Ke1Zb

u

v2 tð Þ= Ce1a2 tð Þ
u

+
Ke1b2 tð Þ

u
� Ce1Zb

u

v3 tð Þ= Ke2g2 tð Þ
u

� Ce2h2 tð Þ
u

v4 tð Þ= Ce2g2 tð Þ
u

+
Ke2h2 tð Þ

u

8>>>>>>>>>><
>>>>>>>>>>:

ð16Þ

where Ke1 =
R2u2vb

2Cp

Cp
2R2vb

2 + 1
, Ce1 =

Ru2vb

Cp
2R2vb

2 + 1
, Ke2 =

R2u2vg
2Cp

Cp
2R2vg

2 + 1
, and Ce2 =

Ru2vg

Cp
2R2vg

2 + 1
. Hence, the voltage

response can be expressed using yb(t) and yg(t).

v tð Þ= Ke1yb tð Þ
u

+
Ke2yg tð Þ

u
� Ke1z tð Þ

u
+

Ce1 _yb tð Þ
uvb

+
Ce2 _yg tð Þ

uvg

� Ce1 _z tð Þ
uvb

ð17Þ

One can then eliminate the unknown variable v(t) in
equation (2) by substituting equation (17) into it, and
focus on the governing equations that are constituted
of equations (1) and (2) only. Substituting equations (5)
and (8) into equations (1) and (2), balancing the coeffi-
cients of the terms sin vbtð Þ and cos vbtð Þ, respectively,
and making simplifications using equation (14), one
obtains the following four equations:

�m1 vb
2 + k1

� �
a1 tð Þ+ c1 b2 tð Þvb � c1 vb b1 tð Þ � k1 a2 tð Þ

=
b1 tð Þ
8U
ð3DB Lr s3 vb

3 r11 tð Þð Þ2 + 6DB Lr s3 vb vg
2

r12 tð Þð Þ2 � 4U 2rLDB s1 vbÞ
ð18Þ

c1 a1 tð Þvb � c1 a2 tð Þvb + �m1 vb
2 + k1

� �
b1 tð Þ � k1 b2 tð Þ

=
a1 tð Þ
8U
ð�3DB Lr s3 vb

3 r11 tð Þð Þ2 � 6DB Lr s3 vb vg
2

r12 tð Þð Þ2 + 4U 2rLDB s1 vbÞ
ð19Þ
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�m2vb
2 +Ke1 + k2

� �
a2 tð Þ+ �c2vb � Ce1ð Þb2 tð Þ

� Ke1 + k2ð ÞZb

= � c1vbb1 tð Þ+ c1b2 tð Þvb + k1 a1 tð Þ � k1 a2 tð Þ
ð20Þ

ðc2vb +Ce1Þa2 tð Þ+ ð�m2v2
b +Ke1 + k2Þb2 tð Þ

� ðvbc2 +Ce1ÞZb

= c1a1ðtÞvb � c1a2ðtÞvb + k1b1ðtÞ � k1b2ðtÞ
ð21Þ

It is worth noting that the derivatives of the unknown
variables are forced to be zeros, as the steady-state solu-
tions are to be sought. In other words, the steady-state
solutions of the amplitudes are supposed to be con-
stants. Hence, the time dependency is omitted herein-
after, for example, a1(t) � a1, r11(t) � r11. Based on
equations (20) and (21), we can represent a2 and b2 by
a1 and b1:

a2 =P1a1 +Q1b1 +O1

b2 = � Q1a1 +P1b1 � O2

�
ð22Þ

where the definitions of P1, Q1, O1, and O2 are given in
the Appendix. Substituting equation (22) into equa-
tions (18) and (19), respectively, yields equations (23)
and (24):

�Q1 c1 vb � m1vb
2 � P1k1 + k1

� �
a1 + P1 c1vb � Q1k1 � c1vbð Þb1 � c1vb O2 � k1O1

=
3

8

DBLrs3vb
3r2

11

U
+

3

4

DB Lrs3vb vg
2r2

12

U
� 1

2
UrLDBs1vb

� �
b1

ð23Þ

�P1c1vb +Q1k1 + c1vbð Þa1 + �Q1c1vb � m1vb
2 � P1k1 + k1

� �
b1 � c1vbO1 + k1 O2

= � 3

8

DBLrs3vb
3r2

11

U
� 3

4

DBLrs3 vbvg
2r2

12

U
+

1

2
UrLDBs1vb

� �
a1

ð24Þ

Solving equations (23), (24), and (14) simultaneously,
one can vanish a1 and b1 and obtain:

� 576DB
2L2r2s3

2vb
6r6

11 + 1536DBLs3

�3=2Ls3vbvg
2rDBr2

12

+U UrLDBs1vb + 2c1 P1 � 1ð Þvb � 2Q1k1ð Þ

� �
rvb

3r4
11

+

�2304DB
2L2r2s3

2vb
2vg

4r4
12 + 3072U

UrLDBs1vb

+ 2c1 P1 � 1ð Þvb

�2Q1k1

0
B@

1
CADBvg

2Ls3rvbr2
12

�1024U 2

L2s1
2vb

2U 2r2DB
2 + 4DB c1 P1 � 1ð Þvb � Q1k1ð ÞLrs1vbU

+ 4m1
2vb

4 + 8Q1c1m1vb
3

+ 4P1
2 + 4Q1

2 � 8P1 + 4
� �

c1
2 + 8k1m1 P1 � 1ð Þ

� �
vb

2

+ 4k1
2 P1

2 +Q1
2 � 2P1 + 1

� �

0
BBBB@

1
CCCCA

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

r2
11

+ 4096U 2 O1
2 +O2

2
� �

c1
2vb

2 + k1
2

� �
= 0

ð25Þ

which is an equation that contains only two unknown
variables r11 and r12. To make the problem solvable,
one more equation that describes the relationship

between r11 and r12 is to be sought. Moreover, one also
obtains the expressions of a1 and b1 by r11 and r12. The
detailed expressions of a1 and b1 as the functions of r11
and r12 are given in the Appendix. On the other hand,
after substituting equations (5) and (8) into equations
(1) and (2), one can choose to balance the coefficients
of the terms sin vgt

� �
and cos vgt

� �
. Consequently, the

following four equations are obtained:

�m1 vg
2 + k1

� �
g1 � vgc1 h1 +vgc1h2 � k1 g2

=
h1

8U
3DB Lrs3 vg

3r2
12 + 6DB Lrs3vb

2vgr2
11 � 4DB LU2rs1 vg

� �
ð26Þ

� vg
2m1h1 +vgc1g1 � vgc1 g2 + k1h1 � k1h2

=
g1

8U
�6DB Lrs3vb

2vgr2
11 � 3DBLrs3 vg

3r2
12 + 4DB LU2rs1vg

� �
ð27Þ

k2g2 � vg
2m2 g2 � vg c2h2 � Ce2h2 +Ke2g2

= � vgc1 h1 +vgc1h2 + k1g1 � k1 g2

ð28Þ

k2h2 � vg
2m2h2 +vg c2g2 +Ce2g2 +Ke2h2

=vgc1g1 � vgc1g2 + k1h1 � k1h2

ð29Þ
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According to equations (28) and (29), we can represent
g2 and h2 by g1 and h1:

g2 =G1g1 +G2h1

h2 = � G2g1 +G1h1

�
ð30Þ

where the definitions of G1, G2, G3, and G4 are provided
in the Appendix. Substituting equation (30) into equa-
tions (26) and (27), respectively, produces:

�c1G2vg � m1vg
2 � k1 G1 + k1

� �
g1 + c1G1vg � c1vg � k1 G2

� �
h1

=
h1

8U
3DBLrs3vg

3r2
12 + 6DBLrs3vb

2vgr2
11 � 4DBLU2rs1vg

� �
ð31Þ

�c1G1 vg + c1 vg + k1G2

� �
g1 + �c1G2 vg � m1 vg

2 � k1G1 + k1

� �
h1

=
g1

8U
�6DBLrs3vb

2vgr2
11 � 3DBLrs3 vg

3r2
12 + 4DBLU2rs1vg

� �
ð32Þ

By subtracting equation (31) 3 h1 by equation
(32) 3 g1, then using the definitions in equation (14),
the unknown variables g1 and h1 can be eliminated and
another equation that involves the relationship between
r11 and r12 is obtained.

c1 G1vg � c1vg � k1G2

� �
r2

12

=
1

8U
3DBLrs3vg

3r4
12 + 6DBLrs3vb

2vgr2
11r2

12

�
� 4DBLU2rs1vgr2

12

Þ ð33Þ

Therefore, by solving equations (25) and (33) simulta-
neously, the solutions to r11 and r12 can be finally
derived. After deriving r11 and r12, one can use the
equations in the Appendix to calculate a1 and b1.
Moreover, based on equation (31) and the definition
that r2

12 = g2
1 + h2

1, one can solve g1 and h1 as well.
Their detailed expressions are given in the Appendix.
Subsequently, using equations (22) and (30), a1, b1, g1,

and h1 can be computed, thus r21 and r22. Finally, the
voltage response can be solved based on equation (16),
and the voltage amplitudes can be expressed using r21
and r22 as:

Va =
1

u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ce1

2 +Ke1
2

� �
r21

2 � 2Zba2 + Zb
2

� �q
Vb =

r22

u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ce2

2 +Ke2
2

� �q
8><
>: ð34Þ

Since the voltage response may consist of two harmonic
components with different frequencies, the maximum
voltage amplitude is not suitable to be directly used as
a figure of merit to evaluate the energy harvesting per-
formance anymore. To this end, the root-mean-square
(RMS) voltage is used to measure the actual
magnitude.

VRMS =ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2T

ðT

�T

v1 tð Þ sin vbtð Þ+ v2 tð Þ cos vbtð Þ
+ v3 tð Þ sin vgt

� �
+ v4 tð Þ cos vgt

� �� 	2

dt

s
ð35Þ

where T is the period of repetition. However, due to the
complexity of the dual-frequency response, the accurate
T can not be easily determined. As an alternative and
convenient numerical means, one can use a large time
period instead. When T is sufficiently large, the result
infinitely approaches the actual VRMS. For harmonic
response components at vb and vg, the RMS voltage is
simply (rms of sum of trigometric functions):

VRMS =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V 2

a +V 2
b

2

r
ð36Þ

4. Equivalent circuit model

An equivalent circuit model (ECM) shown in Figure 2
is built in the commercial software SIMetrix to verify

Figure 2. Equivalent circuit model of the 2DOF PEH established in SIMetrix.

Hu et al. 2005



the derived analytical solution of the 2DOF PEH under
concurrent aeroelastic and base excitation. To establish
the equivalent circuit model, based on the electro-
mechanical analogies, the mechanical quantities are
first converted into the equivalent electrical quantities:
force and velocity are equivalent to voltage and current,
respectively. The mechanical elements such as mass,
spring, and damper are equivalent to the electrical ele-
ments as the inductor, capacitor, and resistor, respec-
tively. The piezoelectric transducer can be equivalently
represented by the combination of an ideal transformer
and a capacitor.

According to the above principles, the mechanical
domain of the 2DOF PEH is converted into the equiva-
lent circuit on the left-hand side of Figure 2, consisting
of two loops squared by blue and pink blocks. Each
circuit loop represents each oscillator. The mappings
between the values of the electrical elements and the
corresponding mechanical elements are:

L1 =m1; R1 = c1; C1 = 1=k1; V1 = � m1€z tð Þ
L2 =m2; R2 = c2; C2 = 1=k2; V2 = � m2€z tð Þ

ð37Þ

The piezoelectric transducer plays the role of bridging
the mechanical and electrical domains. The wing ratio
of the ideal transformer that equals 1:u reflects the
electro-mechanical coupling strength of the piezoelec-
tric transducer. The true interface circuit can then be
directly connected to the right-hand side of the ideal
transformer in parallel with the capacitor Cp. The aero-
dynamic force can be implemented by a nonlinear
transfer function in SIMetrix. To be more specific, a
voltage source (i.e. the galloping-induced force) can be
defined as the function of the current (i.e. vibration
velocity _x tð Þ) flowing out of the circuit loop that repre-
sents the auxiliary oscillator. In the circuit simulation, a
transient analysis should be performed for a sufficiently
long time until the circuit reaches steady-state. The vol-
tage response across the load resistor R can be straight-
forwardly measured by placing a voltage probe. More

detailed procedures can be referred to the similar works
in the existing literature (Tang et al., 2015; Wang et al.,
2020c).

5. Results and discussion

In this section, a specific 2DOF PEH is considered. No
study of 2DOF PEH under combined excitations has
ever been reported. This paper focuses on the theoreti-
cal study to provide some preliminary insights. The sys-
tem parameter listed in Table 1 are taken from Lan
et al. (2019), in which a 2DOF PEH under only the
wind excitation is investigated. It is worth noting that
though the model presented in Lan et al. (2019) is simi-
lar, the existence of the combined excitations consid-
ered in this paper makes the problem become much
more complicated. For example, it will be shown that a
quasi-periodic oscillation phenomenon and a quench-
ing phenomenon may appear in the following case stud-
ies. For the given parameters listed in Table 1, the first
and the second natural frequencies of the 2DOF PEH
are, respectively, f1 = 2.23 Hz and f2 = 5.83 Hz. The
wind speed U is varied to investigate its effect on the
dynamic response of the 2DOF PEH. The analytical
results are compared with the circuit simulation results
for verification.

For the given 2DOF PEH under the base excitation
with a constant acceleration amplitude of Acc = 1 m/
s2, Figure 3(a) shows the analytically predicted voltage
amplitudes of Vb and Vg versus the wind speed U and
the non-dimensionless frequency f =f1. Figure 3(b)
shows the corresponding RMS voltage evolution. The
results of a conventional SDOF PEH under the com-
bined excitation are also illustrated in Figure 3 for
comparison. First of all, it can be seen that both SDOF
and 2DOF PEHs have similar evolution behaviors.
Compared to the SDOF PEH, it is noted that the Vb

component of the 2DOF PEH is always larger. When
deviating away from the resonance state f =f1’1, the Vg

component of the SDOF PEH is first larger, but later
becomes smaller than that of the 2DOF PEH. As the

Table 1. Mechanical and aerodynamic parameters of the 2DOF PEH under investigation.

Electro-mechanical parameters

Effective mass m1 (g) 113.4 Damping ratio z2 0.003
Effective mass m2 (g) 113.4 Electromechanical coupling u (mN/V) 190
Effective stiffness k1 (N/m) 58.02 Capacitance Cp (nF) 187
Effective stiffness k2 (N/m) 58.02 Load resistance R (O) 1012

Damping ratio z1 0.003

Aerodynamic parameters

Air density, r (kg/m3) 1.24 Bluff body height, L (m) 0.1
Cross flow dimension, DB (m) 0.05 Linear aerodynamic coefficient, s1 2.5
Cubic aerodynamic coefficient, s3 130 Wind speed U (m/s) varying
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maximum voltage is achieved near the resonance state
and the main output is contributed by the Vb compo-
nent, the 2DOF PEH exhibits a better energy harvest-
ing performance due to a higher voltage output.

Since the evolution behaviors of both PEHs are simi-
lar and the performance of the 2DOF PEH is found to
be better, we focus on the behavior of the 2DOF PEH
hereinafter. It can be seen that when the wind speed is
low, Vg constantly equals zero, which indicates the inac-
tivation of the galloping-induced vibration. With the
increase of the wind speed and after it exceeds a critical
value, that is, the cut-in wind speed, Vg becomes non-
zero and starts to increase monotonically. Moreover, it
is noted that when the excitation frequency is different,
the cut-in wind speed is different. In particular, when
the excitation frequency deviates farther away from the
fundamental resonant frequency of the 2DOF PEH,

that is, f =f1 = 1, the cut-in wind speed becomes
smaller. Therefore, from the perspective of low-wind
speed galloping energy harvesting, it is known that the
existence of the base excitation is undesirable.

The contributions of the galloping-induced vibration
and the forced vibration by base excitation on the
actual voltage output of the 2DOF PEH around the
fundamental resonance is reflected through comparing
Figure 3(a) and (b). It is learned that when the excita-
tion frequency is near the fundamental resonant fre-
quency of the 2DOF PEH, Vg becomes 0 and the main
contribution comes from the base excitation, which is
the typical quenching phenomenon (Abdelmoula and
Abdelkefi, 2017). However, when the excitation fre-
quency mismatches with the fundamental resonant fre-
quency evidently, Vg becomes significantly larger than
Vb, which implies that the wind excitation starts to

Figure 3. Analytically obtained voltage amplitudes of Vb and Vg versus wind speed U and the non-dimensionless frequency f/f1: (a)
Acc = 1 m/s2 and (c) Acc = 2 m/s2; RMS voltage versus wind speed U and the non-dimensionless frequency f/f1: (b) Acc = 1 m/s2 and
(d) Acc = 2 m/s2.
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replace the role of base excitation and becomes the
principal source for the 2DOF PEH to realize energy
transduction.

The base excitation level is then increased to 2 m/s2

to examine its influence on the energy harvesting per-
formance of the 2DOF PEH around the fundamental
resonance. The updated voltage amplitudes and RMS
voltage are presented in Figure 3(c) and (d), respec-
tively. As compared with the results in Figure 3(a), it is
found in Figure 3(c) that the increase of the base excita-
tion weakens the galloping-induced vibration, that is,
Vg decreases globally. Additionally, the increase of the
base excitation also raises the threshold of the activa-
tion of galloping-induced vibration. In other words, the
quenching region becomes wider with the increase of
the base excitation (Abdelmoula and Abdelkefi, 2017;
Yan et al., 2018). This further confirms the previous
statement that base excitation is unfavorable from the
perspective of galloping energy harvesting.

To better present the information that might be diffi-
cult to be captured in Figure 3, such as the Hopf bifur-
cation phenomenon, a 2D graph, that is, Figure 4, plots
the analytically obtained voltage amplitudes of Vb and
Vg versus the wind speed at the given base excitation
frequency of f/f1 = 0.85. It can be seen that when the
wind speed is small, the 2DOF PEH vibrates due to the
base excitation, that is, Vg = 0. As the wind speed
increases, the system undergoes Hopf bifurcation, and
galloping appears. Moreover, by comparing Figure 4(a)
and (b), it is found that with the increase of the base
excitation, the base excitation-induced voltage output,
that is, Vb, becomes larger. While the galloping-induced
voltage output, that is, Vg, becomes smaller.

The interest is then turned to the energy harvesting
performance of the 2DOF PEH around its second reso-
nant frequency. Under the base excitation of
Acc = 1 m/s2, by varying the wind speed and the

excitation frequency around f2, Figure 5(a) and (b)
illustrate the evolutions of the voltage amplitudes of Vb

and Vg and the RMS voltage, respectively. From
Figure 5(a), it can be seen that when the wind speed is
low, the galloping phenomenon unsurprisingly can not
be incurred, that is, Vg = 0. As compared with
Figure 3(a), the cut-in wind speed of the 2DOF PEH
overall decreases, which is beneficial for low-speed
wind energy harvesting. Moreover, under the same
wind speed, Vg around the second resonance of the
2DOF PEH, as shown in Figure 5(a), becomes gener-
ally larger than the result presented in Figure 3(a).
Hence, it can be reasonably deduced that with the
increase of the excitation frequency, from only the gal-
loping energy harvesting point of view, the perfor-
mance is improved.

On the other hand, regarding the overall energy har-
vesting performance, which is revealed by the RMS vol-
tage output as shown in Figure 5(b), it is noted that the
peak at the second resonant frequency strangely
becomes a valley with the increase of the wind speed.
Such a peak-to-valley transition phenomenon goes
against common sense based on the knowledge and
experience of classic dynamic systems, which tell us that
there should appear peaks in the frequency responses at
the resonant frequencies. A more detailed discussion
about this abnormal phenomenon will be provided
later, together with the numerical verification. Due to
this phenomenon, it should be aware that the second
resonance can not always benefit energy harvesting
anymore. Especially under the high wind speed, the
base excitation frequency even should be away from
the second resonant frequency of the 2DOF PEH to
achieve a high efficiency.

Similarly, the base excitation is then increased to
2 m/s2 to see the consequence. Figure 5(c) and (d) pres-
ent the corresponding results of the voltage amplitudes

Figure 4. Given the base excitation frequency of f/f1 = 0.85, the analytically obtained voltage amplitudes of Vb and Vg versus the
wind speed: (a) Acc = 1 m/s2 and (b) Acc = 2 m/s2.
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of Vb and Vg and the RMS voltage, respectively. As
compared to the results under the lower base excitation
(i.e. Figure 5(a)), it is observed in Figure 5(c) that the
increase of the base excitation does not have a signifi-
cant effect on Vg, that is, the galloping behavior of the
2DOF PEH. The quenching phenomenon becomes a
bit more evident with the increase of the base excita-
tion, the voltage amplitude is only slightly reduced, and
the cut-in wind speed slightly increases. Contrarily but
unsurprisingly, the increase of the base excitation mag-
nifies Vb, that is, the forced vibration of the 2DOF
PEH. Due to the enhancement of the forced vibration
by the base excitation, the overall energy harvesting
performance (as revealed in Figure 5(c)) around the sec-
ond resonant frequency is improved. However, from
the evolution trend, it can be inferred that the peak-to-
valley transition phenomenon is only postponed. By
further increasing the wind speed, the peak would even-
tually transform into a valley. Therefore, under the
high wind speed, it can be deduced that the small neigh-
boring region of the second resonance would still be
undesired for energy harvesting.

From the above analysis, we can see that Figures 3
and 5 have revealed the global evolution trend of the

energy harvesting performance of the 2DOF PEH
around its fundamental and second resonant frequen-
cies. In the following study, to give more in-depth
insights into the dynamic behavior of the system, sev-
eral more detailed case examples under specific wind
speeds are presented. In addition, numerical results
from circuit simulations are also provided to validate
the analytical results.

5.1. Under low wind speed

Under the wind speed of 2 m/s and the base excitation
at constant acceleration of 1 m/s2, Figure 6(a) shows
the analytically calculated voltage amplitudes of differ-
ent response components with different frequencies
around the fundamental resonance of the 2DOF PEH.
It can be found that around the fundamental reso-
nance, Vb 6¼ 0 while Vg [ 0, which indicates that the
galloping-induced vibration fails to be incurred and the
oscillation motion is dominated by the forced vibration
under the base excitation. Figure 6(b) compares the
RMS voltages predicted by the analytical and the
equivalent circuit models. It is noted that both results
match well with each other. In addition to the

Figure 5. Analytically obtained voltage amplitudes of Vb and Vg versus wind speed U and the non-dimensionless frequency f/f2: (a)
Acc = 1 m/s2 and (c) Acc = 2 m/s2; RMS voltage versus wind speed U and the non-dimensionless frequency f/f2: (b) Acc = 1 m/s2 and
(d) Acc = 2 m/s2.
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frequency response, Figure 6(c) also presents the time-
domain (steady-state) responses at the frequency of
f =f1 = 1 predicted by both models. A good agreement
between both results further validates the analytical
solution derived in section 3.

Figure 7(a) shows the analytically calculated voltage
amplitudes of different response components with dif-
ferent frequencies around the second resonance of the
2DOF PEH. Different from the behavior around the
fundamental resonance, it can be seen that Vg does not
constantly equal zero. When the excitation frequency
deviates from the second resonant frequency of the
2DOF PEH, Vg becomes non-zero, which implies the
activation of the galloping-induced vibration.
According to the relationship between the magnitudes
of Vb and Vg, Figure 7(a) can be divided into two
regions. One region corresponds to the quenching phe-
nomenon, which is just nearby the second resonance
frequency of the 2DOF PEH where the system is at
resonance from the point of view of forced vibration
dynamics. In this region, the forced vibration under the
base excitation plays the dominant role, that is,
Vb . Vg. The rest frequency range represents the other

region where the system is at off-resonance from the
point of view of forced vibration dynamics. In this
region, the galloping-induced vibration becomes domi-
nant, that is, Vg . Vb. Due to this phenomenon, the
output voltage from the 2DOF PEH at off-resonance
could even become larger than at the frequencies near
but away from the exact resonance. The output voltage
level at off-resonance is lifted by the galloping-induced
vibration phenomenon and becomes almost constant
over the frequency range.

To verify the analytical result in Figure 7(a), one can
perform a series of transient circuit simulations at dif-
ferent frequencies, then extract the spectral information
of the steady-state responses using the Fast Fourier
Transform (FFT) approach. In this process, the spectral
leakage problem should be avoided to ensure an accu-
rate comparison. As an alternative and more appropri-
ate means, the RMS voltages from both analytical and
circuit models are computed and compared for verifica-
tion. The comparison result is presented in Figure 7(b).
The discrete circle points that denote a series of circuit
simulation results closely stick to the solid line that rep-
resents the analytical result.

Figure 6. (a) Analytically obtained voltage amplitudes of different harmonic components with different frequencies around the
fundamental resonance of the 2DOF PEH under the wind speed of 2 m/s, (b) comparison of the RMS voltages predicted by the
analytical and the equivalent circuit models, and (c) comparison of the steady-state responses at the frequency of f/f1 = 1.
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Furthermore, the steady-state time-domain
responses predicted by both models at two different fre-
quencies from the aforementioned two different regions
are compared in Figure 7(c) and (d). The analytical
result overlaps with the circuit simulation result very
well. It is observed from Figure 7(c) that the response is
a single-frequency harmonic signal, as the excitation
frequency is f =f2 = 1 that falls into the region where
Vb . Vg and Vg = 0. When the excitation frequency is
tuned to f =f2 = 1.1 that falls into the region where Vb

and Vg co-exist and Vg . Vb, the response revealed in
Figure 7(d) becomes a quasi-periodic signal that con-
tains two harmonic components. Moreover, one can
note that the signal in the same period in Figure 7(d) is
more sparse than that in Figure 7(c). This is because
the galloping-induced vibration plays the dominant
role in Figure 7(d) and the dominant frequency is thus
vg, which equals to v1 \ vb = v2.

5.2. Under high wind speed

Subsequently, the wind speed is increased to 6 m/s,
while the base acceleration is kept at 1 m/s2. Figure

8(a) shows the frequency responses of the magnitudes
of Vb and Vg predicted by the analytical solution
around the fundamental resonance of the 2DOF PEH.
Similar to the behavior in Figure 7(a), the frequency
range can be divided into two regions. The 2DOF PEH
in the quenching region is under the dominance of the
forced vibration driven by the base excitation, that is,
Vb . Vg. In the other region, the 2DOF PEH is under
the dominance of the galloping-induced vibration, that
is, Vg . Vb. For the same reason of convenience, we
compare the RMS voltages from both the analytical
calculation and circuit simulation for numerical verifi-
cation. Figure 8(b) presents the corresponding compar-
ison result. The analytical predictions agree well with
the circuit simulation results.

The time-domain voltage responses of the 2DOF
PEH at two different frequencies under the steady-state
condition are plotted in Figure 8(c) and (d). The
response revealed in Figure 8(c) corresponds to a
single-frequency oscillation signal, since the excitation
frequency is tuned to f =f2 = 1 and only the forced
vibration is activated by the base excitation. When f =f2
is tuned to 1.1, the response becomes a dual-frequency

Figure 7. (a) Analytically obtained voltage amplitudes of different harmonic components with different frequencies around the
second resonance of the 2DOF PEH under the wind speed of 2 m/s, (b) comparison of the RMS voltages predicted by the analytical
and the equivalent circuit models, (c) comparison of the steady-state responses at the frequency of f/f2 = 1, and (d) comparison of
the steady-state responses at the frequency of f/f2 = 1.1.
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oscillation signal as revealed in Figure 8(d). The expla-
nation for this phenomenon can be found from the
analytical result in Figure 8(a): the galloping-induced
vibration is incurred and becomes more intense than
that of the forced vibration excited by the base displa-
cement. It is worth mentioning that both the single-
frequency periodic oscillation and dual-frequency
quasi-periodic oscillation have been experimentally
observed and reported in Zhao (2020) and Zhao and
Yang (2018) for an SDOF PEH under concurrent wind
and base excitation.

Under the same wind speed of 6 m/s, the voltage fre-
quency response of the 2DOF PEH around its second
resonant frequency is then investigated, and the analy-
tical results are demonstrated in Figure 9(a).
Interestingly, it is found that different from previous
cases, Vg never becomes zero. Moreover, the magnitude
of Vg is almost always larger than that of Vb, which
indicates that the galloping-induced vibration would
take the dominant role over the entire frequency range
around the second resonance of the 2DOF PEH. The
analytical RMS voltage is then compared with and

verified by that obtained from circuit simulation in
Figure 9(b). It is worth noting that in Figure 9(b), we
notice that there abnormally appears a valley rather
than a peak at the second resonance of the 2DOF
PEH, which means the voltage output at the second
resonance of the 2DOF PEH becomes the minimum.
The possible explanation behind this phenomenon is
that near the second 2DOF PEH, the forced vibration
under the base excitation activates the second mode of
the 2DOF PEH, while the galloping-induced vibration
is the first mode limited cycle oscillation. The out-of-
phase motion of the second mode vibration is in con-
tradiction with the in-phase motion of the first mode
vibration. Therefore, the co-existence of both vibration
modes deteriorates the energy harvesting performance.
As a digression of the energy harvesting topic, this phe-
nomenon may have the potential to be employed for
the application in vibration suppression since the reso-
nance state is transformed to a state like anti-resonance
from the frequency response pattern. Returning from
the digression to the result in Figure 9(b), except from
the second resonance point, the frequency response is

Figure 8. (a) Analytically obtained voltage amplitudes of different harmonic components with different frequencies around the
fundamental resonance of the 2DOF PEH under the wind speed of 6 m/s, (b) comparison of the RMS voltages predicted by the
analytical and the equivalent circuit models, (c) comparison of the steady-state responses at the frequency of f/f1 = 1, and (d)
comparison of the steady-state responses at the frequency of f/f1 = 1.1.
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nearly flat, and the magnitude of the RMS voltage over
the frequency range is almost constant because the
galloping-induced vibration is nearly unaffected by the
external base excitation. Finally, the steady-state time-
domain responses of the 2DOF PEH at two different
frequencies are predicted by the analytical model and
compared with the simulation results in Figure 9(c) and
(d). Different from previous cases, the response in
Figure 9(c) at the frequency of f =f2 = 1 becomes a
dual-frequency signal. While the response in Figure
9(d) at the frequency of f =f2 = 1.1 contrarily becomes
a quasi-single-frequency signal. The prefix ‘‘quasi’’ is
used for being rigorous since it does not truly contain
only a single harmonic component, but just because the
other component is minor and unnoticeable. These
extraordinary phenomena can be well explained by the
analytical results in Figure 9(a) for this specific case.

6. Conclusions

In conclusion, this paper has presented a comprehen-
sive theoretical analysis of a 2DOF PEH under

concurrent aeroelastic and base excitation. Using the
harmonic balance method, the analytical solution to
the 2DOF PEH has been derived by taking account of
the combined excitation. An equivalent circuit model
of the 2DOF PEH has been established, and the simu-
lation results have verified the analytical solution.
Under the same excitation condition, compared to a
conventional SDOF PEH, the proposed 2DOF PEH
has the following advantages.

� The proposed 2DOF PEH has been found to
have a better energy harvesting performance and
produce a larger voltage output around the reso-
nance state.

� Besides, owing to the two degrees of freedom,
the 2DOF PEH exhibits two resonant peaks that
could cover a wide range of spectrum for energy
harvesting.

The energy harvesting performance of the 2DOF PEH
under the wind flow of low speed (2 m/s) and high
speed (6 m/s) has been investigated.

Figure 9. (a) Analytically obtained voltage amplitudes of different harmonic components with different frequencies around the
second resonance of the 2DOF PEH under the wind speed of 6 m/s, (b) comparison of the RMS voltages predicted by the analytical
and the equivalent circuit models, (c) comparison of the steady-state responses at the frequency of f/f2 = 1, and (d) comparison of
the steady-state responses at the frequency of f/f2 = 1.1.
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� Near the resonant frequencies, the quenching
phenomenon takes place, the galloping-induced
vibration is suppressed to zero, and the base exci-
tation plays the dominant role to produce the
voltage output.

� Depending on the wind speed and the excitation
frequency, the 2DOF PEH may undergo single-
frequency harmonic oscillation or dual-
frequency quasi-periodic oscillation.

� The quasi-periodic oscillation of the 2DOF
PEH, which was experimentally observed in the
work of existing literature, has been successfully
explained by the analytical solution.

� Besides that, under the high wind speed, near the
second resonance of the 2DOF PEH, an interest-
ing peak-to-valley transition phenomenon in the
frequency response has been found for the first
time. This might be attributed to that the co-
existence of the first and second vibration modes
stimulated by different excitations deteriorates
the energy harvesting performance.

In general, the work presented in this study has paved
the way for theoretical analysis of such kind of energy
harvesters under concurrent aeroelastic and base exci-
tation. The methodology developed in this paper can
be easily applied to other types of SDOF or MDOF
galloping-based energy harvesters.
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